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ABSTRACT: Argumentsare put forward that mean inextensibility is a valid approximation for semiflexible
filaments. Using mean inextensibility, a simple analytical expression for the free energy for single filaments as
a function of their end-to-end separation is obtained. This expression contains a term that explicitly
represents the internal energy of the filament as well as nonzero temperature effects. Using this free energy,
the force—extension relationships of semiflexible filaments and the corresponding nonlinear elasticity of their
networks are investigated. Accounting for finite longitudinal compliance of filaments, we identify three
distinct scaling regimes in the effective modulus of both single filaments and networks. We find the explicit
expressions for crossovers between these scaling regimes; dramatic nonlinear elasticity will only be observed

if there is a wide separation between the two crossovers.

1. Introduction

Semiflexible filaments are polymer chains that have a finite
rigidity associated with bending of the chain.' They occupy a
wide middle ground between the freely jointed, flexible chains,
which can bend over all length scales, and rigid rods, which
cannot bend at all. Flexible filaments are well modeled as
Gaussian chains® and as such exhibit linear force—extension
relations when pulled; they begin to behave nonlinearly only
when subject to very large strains.® Semiflexible filaments are
quite different. They are subject to two competing effects: the
thermal motion which promotes bent configurations and the
rigidity which promotes straight ones. The interplay between
these two effects produces a more complex elastic response, in
particular nonlinear elasticity already at small strains.*”’

A wide class of biologically relevant filaments are classed as
semiflexible including DNA, actin, microtubules, and intermediate
filaments. The whole spectrum of carbon nanotubes also falls into
this category.®’ Comparable in dimensions and bending rigidity
are the aggregated protein filaments broadly classed as
amyloid fibrils.'®!" Understanding the behavior of all these
filaments has therefore become an area of considerable research.
From a theoretical perspective many of the properties such as
force—extension relations,”'>! distribution functions,'®™ " and
bucklingzo_22 have been considered before. However, because of
mathematical difficulties associated with implementing the chain
inextensibility (see below), many of these expressions apply only for
very stiff filaments, or conversely for very flexible ones, even though
the original papers often claim a broader range of applicability.

In this work we find the compact analytical form for the free
energy of a filament as a function of its end-to-end separation
using a mean-field method that circumvents the mathematical
difficulties of inextensibility in a similar way to some earlier
works.'*?*** We find that this simple expression for the free
energy is valid across the full range of bending stiffness and
temperature due to a contribution from the internal potential
energy of filament bending as well as nonzero temperature
(entropic) effects. This internal energy term is lacking in all
expressions for the free energy we know of in the literature.

The paper is laid out in the following way. In section 2 we
review the basic theory behind the study of semiflexible filaments.
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In section 3 we discuss the concept of mean inextensibility and
assess how good an approximation it is. Section 4 shows how the
free energy of a filament under mean inextensibility can be
captured by a very simple free energy function containing just
two terms. In section 5 we extend the analysis to include the
possibility that filaments can stretch mechanically, increasing
their contour length. We then propose that the effects of this
model can be seen not only in stretching individual semiflexible
filaments but also by applying an external stress to their
networks. In section 6 we explore these features by comparing
to some experimental data on in vitro actin filaments.

2. Semiflexible Filaments

One of the simplest models that introduces the concept of
rigidity to polymer chains is the wormlike chain model (WLC)
first proposed by Kratky and Porod.' In this model filament
rigidity is introduced by associating an energy penalty with
filament curvature. The filament is treated as a space-curve
r(s), where s parametrizes the arc length along the curve. The
Hamiltonian is built by associating an energy per unit length that
scales like the local squared curvature multiplied by 4, the
bending modulus for the filament:

L g (dr ’
i) = [ a5 ( G (1

For filaments to bend with typical curvatures that are of the same
order as their length L requires an energy of the order 4/L. For
a large class of synthetic and biological filaments, this energy
scale is of order kg7, and therefore thermal fluctuations con-
tinuously cause the filament to bend weakly. Such filaments
are termed semiflexible as they occupy a middle ground between
the Gaussian chains (with no or very weak bending energy)
and rigid elastic rods whose characteristic bending energy A/L far
exceeds kpT.

By choosing the contour length to parametrize the curve in the
WLC model, we immediately introduce the geometric constraint
that dr’ = ds* and so by choosing this specific parametrization
of the filament, we impose the constraint (dr/ds)* = 1, for all 5.
Physically this constraint is a requirement that the filament is
locally inextensible (see Figure 1).
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Figure 1. A cartoon semiflexible filament showing the key notations. In
the remainder of the paper the separation of a filament is the dimen-
sionless measure of span separation x = R/L, where L = max([s] is the
full contour length.

In the study of individual filaments as well as their networks it
is useful to know the free energy of a single filament as a function
of its end-to-end separation R. Adopting the reduced measure for
end-to-end separation x = R/L, we will be interested in the free
energy F(x). This can be obtained from the constrained partition
function in the usual way F(x) = —kgT In P(x), where P(x) is the
(non-normalized) probability that the ends of the filament are
separated by a span vector x. The probability distribution can be
calculated by counting all possible conformations of a filament
that have their ends separated by x and adding up the probabil-
ities associated with each conformation. This basic partition
function can be written in the form of a functional integral over
the r(s) that are constrained to have a separation of x and be
locally inextensible

Plx) / Dr exp( —H[t] ks T) 2)

subject to the explicit constraints:

1k dr dr\’
Z/o ds <$>:x and <a) =1 (3)

The integral in (2) subject to the constraints of (3) presents a
formidable mathematical problem corresponding to a nonlinear
sigma model."? Its solution can only be obtained in the form of an
infinite series which converges in the limit of flexible chains'®!” or
in the very stiff chain limit."®!? The difficulties of evaluating (2)
stem from the requirement that the tangent vectors are of unit
magnitude. In the following section we explore a method that
circumvents these mathematical problems while still retaining the
essential physical properties of stiffness and inextensibility.

3. Mean Inextensibility

The essence of the mean-field approach to inextensibility can
be seen by writing the d-function constraint of unit tangent
vectors (3) in terms of its Fourier decomposition:**

a{(j)—l} = [ ap) e i¢<s>{(j§)2—1} @)

The idea is then to replace the auxiliary field ¢(s) with a constant
value of ¢ independent of s. Physically this amounts to relaxing
the constraint of rigid local inextensibility to the one of “global
inextensibility” that counts contributions to the functional
integral (2) whose average tangent vectors are of unit length;
((dr/ds)®) = 1.

This procedure is analogous to a transformation from the
microcanonical ensemble to the canonical ensemble in statistical
mechanics and is in essence a mean-field theory. As in the case of
all such theories, it is important to consider how valid the
approximation is by considering fluctuations about the mean.
In the case of statistical mechanics, the particular ensemble one
chooses to work in is largely irrelevant as the fluctuations in
macroscopic quantities such as the energy scale like 1//N, where
N is the number of particles in the system and is macroscopically
large. In the case of the semiflexible filament we must examine the
fluctuations in the length of the tangent vectors away from the
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Figure 2. A cartoon illustrating the differences between local inexten-
sibility (a) where the parametrization of the chain is the true arc length
and mean inextensibility (b) where the parametrization averages to the
true arc length.

locally inextensible value of unity. We calculate these fluctuations
using a simple counting argument.

Imagine we parametrize the filament not with the continuous
arc-length variable s, but with a discrete set of markers placed at
interval lengths of ¢ = L/N along the filament (Figure 2a). The
continuous parametrization can always be recovered by setting
N — oo, In this picture the local inextensibility constraint (3) is that
the contour length between neighboring markers is constant
along the entire chain, each marker being separated by c.

The mean-field procedure described above corresponds to the
allowing distance between neighboring markers to fluctuate away
from ¢ while keeping the number of markers N fixed (this ensures
that the average distance between neighboring markers remains
¢). Such a scenario is shown in Figure 2b. We label the arc length
between the ith and (i — 1)th marker ¢ + A,;, where A, represents
how far the arc length has fluctuated away from the locally
inextensible value of ¢.

Each such arrangement of the N markers along the chain will
in general occur with a different probability. This is because the
likelihood of a particular configuration occurring is determined
by the curvature assigned to that configuration. As the curvature
will depend on the placement of the markers, so will the like-
lihood of seeing that configuration. However, provided the
fluctuations A; are small in comparison to the curvature of the
filament (to be self-consistently checked), this effect will be small,
and so we assume all configurations of markers along the chain
occur with equal probability.

We can now calculate the mean-square fluctuation in local arc
length by averaging A over all possible marker configurations
using the iterative procedure. For the case of N markers this is

S Y K5 IV B

i=1 c—Ai- N

where N is the normalizing constant

N (N —=i)c
N=TI / dA, (6)

i=l A

The limits on this integral arise from considering that the
placement of the first marker at ¢ + A; can be chosen anywhere
from 0 to L. The placement of the second can be anywhere in
front of the first marker, and so on.

From this expression one finds that the resulting fractional
fluctuations in the separations of the markers ((A%)"?/c =
[(N = DN + 1)]"?, which in the limit of a continuously
parametrized filament (N — o) approaches unity. The fluctua-
tions are therefore well-bounded, which is to say that the major
contributions to the functional integral come from filaments
whose tangent vectors are close to unity. We now continue,
aiming to obtain the free energy of a filament having invoked the
mean-field inextensibility approximation.
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4. Filament Free Energy

Using this mean-field approximation, the expression for the
probability distribution reduces to

P(x; L) o / Gre HETS(dr/ds Y —1] ()

subject to the boundary conditions (r(L) — r(0))/L = x. This
functional integral can now be performed with no further
approximations, and the result can be written as an integral over
the auxiliary field ¢ (see ref 27 for details). Moreover, the
probability distribution turns out to depend on its variables only
through a single nondimensional combination of parameters

A

_ 2
=L )

4

For a chain in d dimensions the general result is

. /2
P(y) = / dep e? (Sir\l/\%) (8)

This exact expression (for the non-normalized probability) uses
only the approximation of mean inextensibility and is valid for all
values of bending stiffness. In two dimensions the integral can be
solved exactly via contour integration®” and closely agrees with
previous expressions obtained in the literature.'® In the relevant
case of d = 3 the integral cannot be performed analytically but is
easily evaluated numerically due to its dependence only on a
single parameter y.

In the past, several approximate analytical expressions have
been offered to represent the g)robability P(x) in 3 dimensions,
some used quite widely.”'*'*** There is however a flaw in many
of these proposed distribution functions. If one calculates free
energy of a filament using the formula F = —kgT In P, none of
these previously proposed distribution functions possess a term
that represents the internal energy of a bent filament. Physically,
one should expect such a term, which would survive in the limit
T — 0. Such an internal energy term is lacking in these approx-
imate distributions and therefore so must be some essential
physics. To this end, we propose the simplest functional depen-
dence of P(y) which captures the correct physical behavior both
in the zero temperature and high temperature limits. We find that
the simple interpolation for the partition function

P(y) = exp [ - nl—y} o)

is the analytical form that possesses both an internal energy term
and an entropic term in the resulting free energy. This remarkably
simple form is a very good approximation to the numerical
integral (8) for d = 3. It captures all essential features of the
curve, scaling in the correct way for large and small values of y. A
comparison of the interpolation formula (9) with the numerically
evaluated values of the integral (8) in 3-d is shown in Figure 3. For
comparison, this figure also plots the famous and widely used
formulas due to Marko and Siggia’ and Ha and Thirumalai.'> All
these and other analytical expressions agree in the limit y — 0,
which corresponds to the very long, highly stretched, or flexible
chains eventually reaching the Gaussian limit. There are, how-
ever, spectacular disagreements in the limit of stiff or short chains
(aty = 1), where the limit of pure bending energy is not present in
earlier formulations.

Substituting the expression for y, we find that within the mean
inextensibility approximation there is a simple expression for the
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Figure 3. Comparison of numerical values for the 3-d integral in
(8) (circles) with the interpolation formula (9), plotted as a solid line.
The interpolation fits very well, which is emphasized by the logarithmic
P-axis, in particular, capturing the correct scaling at large and small
y with the maximum at the correct value. For comparison, the dashed
line shows the Ha—Thirumalai expression'? and the dotted line the
Marko—Siggia expression.
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Figure 4. Non-normalized probability distribution plots P(x) for
filaments of increasing stiffness (in order of increasing line width):
AlkgTL = 0.125,0.25, 0.5, 1.0, 2.0, and 4.0.

free energy of a single chain as a function of extension, given by

A’

A7 |y, UT)L
2L

F(x) =) (10)

This form of the chain free energy differs from previous results
obtained in the literature”'>'? in that it clearly delineates the roles
of bending energy and the nonzero temperature (entropic) effects
in the free energy. If one takes the limit of a very short filament,
or equivalently a filament with a very large bending modulus A,
then the potential energy term dominates over the entropic term,
and the free energy of the filament is simply the bending energy
of an elastic rod. In this limit the formula reassuringly recovers
the bending energy of a macroscopic rod that is derived
in the small bending regime using a variational principle: U ~
(A7*/L)(1 — x).2%%

In the opposite limit of small bending modulus or a very long
filament, the entropic term dominates the free energy. In this
regime the minimum of the free energy is at zero extension, and
expanding about this minimum, in the leading order one recovers
the free energy of a Gaussian chain with step length (or the
persistent length) /, ~ A/kgT (deviation from this Gaussian
behavior will occur at larger extensions because true Gaussian
chains are infinitely extensible). We illustrate these limits and
the crossover between them by plotting the non-normalized
probability distributions for filaments of increasing stiffness
in Figure 4.

5. Extensible Filaments

The previous analysis has only accounted for the competing
effects of bending energy (which favors a straight filament) and
entropic effects (which favor bent conformations). Under tension
we might expect a filament to also mechanically stretch along its
contour length as well as to stretch entropically (by “pulling out”
thermal fluctuations). Such mechanical stretching has been ob-
served in both experiments on individual DNA filaments'? and in
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recent Monte Carlo simulations.'* How does a finite longitudinal
compliance alter properties such as the force—extension relation
and stiffness of the filament? The simple form of the free energy—
extension relation that results from a mean-field analysis enables
this to be calculated.

In general, one can include the effect of finite extensibility on
chain statistics by considering the partition sum (2) where the
Hamiltonian is modified to include a term representing the
energetic penalty associated with inducing a strain field &(s) along
the filament contour. Such a method has been thoroughly
explored in ref 15. Here we offer a simpler approach which
nonetheless recovers the essential physics.

In (10) we have an expression for the free energy of a single
filament that cannot alter its contour length. Under tension a
semiflexible filament will bend only weakly and therefore will
have a separation x close to unity. Using this fact, we can
approximate 1 — x> ~ 2(1 — x) provided the chains we are
interested in are always under tension (the analysis of buckling
under compressive force is given in ref 22). The free energy for
such filaments can therefore be well approximated by

(ksT)*L

_Ax?
wA(1 —x)

Flx) === (1-x) + (11)

The force—extension relation for this inextensible filament can
then be obtained in the usual manner by taking the derivative of
the free energy with respect to the actual span separation R = xL:

(kT)*

f(x)% _fc +m

(12)

Here we have used the shorthand that A7*/L* = f, with f, the
classical Euler buckling force for a pinned filament of bending
modulus 4 and length L.*’ In agreement with previous theore-
tical> 7 and experimental® results, the force diverges as (1 — x)?,
which is a direct consequence of filament inextensibility. In
reality, filaments can also deform in response to an applied force
by mechanically stretching. The mechanical spring constant &,
associated with longitudinal deformation of the filament material
is governed by the Young’s modulus of the filament material and
its geometry; k,, = (Y/L) [dS where the integral is over the cross-
sectional area of the filament and can be applied to any cross-
sectional shape.”> We assume in this analysis that the Young’s
modulus of the filament is a constant independent of strain. This
is a good approximation for modest strains though will inevitably
fail at very large strains where nonlinear effects and eventual
filament rupture will occur. Such issues have recently been
discussed in the context of overstretched DNA™ and S-sheet
aggregated peptides.®’ Considering two relevant examples: an
actin filament of length 10 um has a mechanical stretch modulus
kw ~ 5 pN/nm*® while a microtubule of the same length has
a slightly larger stretch modulus of k,, ~ 15 pN/nm.**

When subjected to a tension force f, the filament can therefore
increase its contour length in response to the applied force f by
mechanically stretching to a new length L, = L + Sflkm.>
Substituting this altered length into the force—extension relation
(12) and solving for the extension x(f), we obtain the following
relationship for an extensible filament:

f)%_%ﬂﬁﬁﬂm)(m

kL TA(f +fe)
where L is the original, unstretched contour length.

Similar results have been obtained before by Odijk® and
Lipowsky."> A plot of the force—extension relation for an actin

x(f) = (1 +
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Figure 5. Logarithmic force—extension plot for an inextensible (dashed
line) and extensible (solid line) filament. Filament parameters corre-
spond to those of an actin filament L = 10 um, /, = 17 um, Y = 2 GPa,
and filament diameter d = 7 nm. Deviation of the solid line from
the dashed line at high forces is due to mechanical stretching of the
filament.

filament (L = 10 um) is shown in Figure 5. A key feature of this
relationship is that mechanical stretching becomes the softer
mode at large forces and results in the filament being able to
extend by increasing its contour length, an effect observed
experimentally in both DNA* and actin.*

With the simple expression presented here, we can quantify
the interesting crossover region from the entropic stretching
regime to the mechanical stretching regime by examining the
spring constant for a single filament as a function of the applied
force.

For an inextensible filament the effective spring constant,
which is now purely entropic, is obtained by taking the derivative
of the force—extension relation (12):

2

K.(x) = % (14)

wAL(1 —x)
This is a measure of the resistance of the fluctuating filament to
changes in span separation. As one would expect, this entropic
stiffness K. becomes increasingly large as the filament becomes
almost fully extended and diverges at full extension x — 1. Given
the explicit functions K.(x) and f(x), we can eliminate the
separation variable x to express the entropic stiffness of a single
inextensible filament as a function of the applied force f. The
result is

Kelf) = ke(1 +£/£)? (15)
where
¢ kgTL* *

is the linear response modulus and /, = A/kgT is the persistence
length of the filament. We observe from this result that what
controls the crossover into nonlinear entropic stretching is the
classical Euler buckling force f, = An’/L*. For forces f < f, the
stiffness remains constant, and the filament is in the linear
entropic regime, in a similar manner to classical Gaussian
chains. For forces f < f. the filament begins to behave
nonlinearly, with the chain stiffness scaling like f*/*. These limits
agree with the scaling relations of ref 36 for high and low
/. however, here we have presented the full expression that
quantitatively describes the crossover from the linear to nonlinear
stretching regime as well as the reasons why.

Now we can include the effects of a finite stretching modulus
km. The filament now has two possible modes of deformation,
either mechanical stretch governed by modulus 4, or entropic
stretch governed by modulus K.(f). The filament is therefore
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Figure 6. Stiffness as a function of applied force for an extensible
semiflexible filament. The regions illustrated are linear entropic (LE)
at low forces, nonlinear entropic (NE) at intermediate forces, and linear
mechanical (LM) at high forces. A separation of the two crossovers
(marked by the two dotted lines) results in there being a clear middle
region where the filament is highly nonlinear. This is plotted for a
filament with k/ke = 10*

1 100 10*

“composed” of two springs in series, one of spring constant
kn the other K.(f), with a resulting modulus

1 1 -3

The various scaling regimes of the effective stiffness of filaments
at low, medium, and high tensile forces are now apparent. For
small tensile forces f < f. the modulus of the filament is a
constant, Ky = (km ' + ke ')”', and is termed linear entropic
(LE). At intermediate forces f = f. the entropic part is scaling
like /%%, and this regime is termed nonlinear entropic (NE).
At large tensile forces (outlined below) the filament has to stretch
mechanically and so behaves linearly once again; this regime is
therefore termed linear mechanical (LM). These three regimes are
illustrated in Figure 6.

As we have seen above, the crossover LE — NE is dictated by
the value of the Euler buckling force f, = An*/L. Using A/kyT =
I, we see that the nonlinear entropic stretching begins at forces
~kgT lp/Lz. Actin filaments in cells have L ~ [, ~ um, giving a
typical crossover force on the order of 10~* pN. For microtubules
persistence lengths are on the order of millimeters so that typical
crossover forces to the nonlinear stretching regime are on the
order of a single pN.

The crossover from nonlinear entropic to mechanical stretch-
ing (NE — LM) occurs when /'~ fu(km/ke)*”. Substituting in the
expressions for the linear moduli in terms of the physical para-
meters for a filament, we see that the crossover to mechanical
stretching occurs at forces f~ kg T(l,/d 153, Actin has a diameter
of d ~ 10~* m and so will begin to mechanically stretch when
subjected to forces f~ 0.1 pN—far larger than the forces at which
the LE — NE transition occurs. Microtubules are hollow (they
have a smaller effective cross section) which reduces k,, in
proportion to k., and the crossover to mechanical stretching
occurs at forces f~ pN. This suggests that for very stiff filaments
such as microtubules where /, > L the crossover forces between
the regions LE — NE and NE — LM converge; that is, for such
filaments mechanical stretching is always relevant while the
nonlinear force—extension regime NE is hard to identify.

6. Networks of Filaments

We now turn to the mechanical properties of networks
composed of semiflexible filaments. Specifically, we would like
to explore how the previous analysis of stiffness—force relation-
ships for extensible filaments might impact on the properties of
networks. Our approach is intentionally reductionist focusing on
the scaling of the network stiffness as a function of applied
stress, in a similar manner to ref 36. The exact treatment of
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Figure 7. Schematic of an isotropic cross-linked semiflexible network.
The direction of the applied strain is shown by the arrows. We highlight
in bold one of the strands in the network (a connection between cross-
links) that lies at an angle 0 to the axis of principal strain.

polymer networks must include careful orientational averaging of
strands with respect to the principal axes of applied strain,*’ the
possibility that there are nonaffine deformations® and aniso-
tropies in the orientations of filaments,*® and the effect of the
stiffness of the cross-links themselves.*'

We can examine the importance of orientational effects in
networks by looking at the deformation of an initially isotropic
network to a uniaxial affine strain field 4., = 4, 4,, = 1 I,
A-- = 1/4/A. Any strand of the network linking two cross-links is
assumed to be an independent filament (the phantom chain
approximation*?). We consider a filament oriented at an angle
6 to the x axis (see Figure 7). The result of this deformation on the
filament is a rotation (which does not affect the energy) and a
stretch (or compression) that changes the end-to-end separation
to a new value:

¥ = xo\/sin2 /A + 1% cos? 0 (17)

where xj is the initial end-to-end separation of the filament ends
from (12) given by xo = 1 — kgT/(wAf.)">. Whether a filament is
stretched or compressed depends on 6, the angle to the axis of
principal strain. The stretch modulus of a single filament in-
creases rapidly upon filament extension (14). This suggests that
filaments that are stretched under the deformation contribute the
most to the modulus of the network as a whole. To highlight this,
we plot the individual contributions of filaments to the modulus
of the entire network as a function of the original angle 6 the
filament makes with respect to the axis of principal strain
(Figure 8). The plot corresponds to an isotropic network under-
going affine incompressible uniaxial strain. We do indeed see that
the majority of the contribution to the modulus (and the stress)
comes from chains oriented around the principal strain axes
and that this approximation becomes better at larger and larger
strains.

We can quantify the magnitude of the strains over which this
approximation holds. Initially, the filament has an equilibrium
end-to-end separation of xo = 1 — kgT/(wAf)"* ~ 1 — L/J'[3/zlp.
Because free energy (and hence the force and stiffness) begin to
diverge close to full extension, the filaments that have been
strained to full extension will contribute most to the modulus.
Filaments oriented with the axis of principal strain will reach this
point when the network is strained by approximately

1

AR —————— 18
1 =L/7%21, (18)

For networks of stiff filaments L/, < 1 so Taylor expanding
we see that filaments oriented along the principal strain axis
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Figure 8. Plots of the modulus of a filament as a function of its initial
angle to the axis of principal strain at increasing values of strain. The
plot corresponds to an isotropic network of filaments undergoing affine
uniaxial strain. Note that at larger strains the majority of the contribu-
tions to the modulus come from chains oriented close to the principal
strain axis.

dominate the network modulus when 1 ~ 1 + L/n3"'2lp. For
semiflexible networks these strains are modest—on the order of
1%—5%.

The above conclusion that filaments oriented along the axis of
principal strain are the key determinants of stiffness is based on
an assumption that the network undergoes affine strain and that
it is isotropic. This assumption will not hold for all network
geometries. Indeed, for networks that are highly anisotropic,’ or
where the filaments are rigidly constrained to have a fixed angle*
or are only weakly cross-linked so as to be just above the rigidity
transition,®® the stiffness of the network w111 be determined by
nonaffine deformations at low strains.*®* However, even these
networks will, at larger strains, enter a regime where the domi-
nant contribution to the modulus must come from stretched
filaments as this is the largest energy scale in the system. Net-
works in which the cross-links themselves have a finite stiffness*'
are amenable to this model as well. In this case the mechanical
stretch modulus k,, in the model would be a combination of
the mechanical stretch modulus of both the filament (k) and
cross-links (k) in the form k' =k P kg Physically, this
amounts to considering a cross-link and filament as springs in
series, where the modulus will largely be determined by the softer
of the two spring stiffnesses.

With this is mind we propose that the stiffness of networks can
be captured by replacing the idea of an isotropic network with an
ensemble of filaments all of which are oriented along the direction
of principal strain. Physically, we are saying that only a fraction
of filaments contribute to the resulting modulus and that these
filaments are essentially oriented along the axis of principal
extension.

If the average area occupied by each of these filaments is &2,
then when a stress o'is applied to the network the average tension
in the contributing filaments is / ~ ¢&%. The average strain that
results from this applied stress will be AL/L = f/KL = o&*/KL.
The contribution of these filaments to the modulus of the
network can then be related to the stiffness of the individual
filaments via

G=2=ZK (19)

Substituting the expression for K from (16), we can therefore
write down the analogous expression that, instead of relating the
stiffness of a single filament to the force exerted on that filament,
now relates the modulus of a network to the applied stress:

-1
G@):G%§5+(l+mwaﬂﬁ> (20)
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where direct substitution of the defined quantities yields

oo A ke Ad
£ " IeTLE  km  keTL?

The expression (20) captures the nonlinear elastic behavior of
semiflexible networks for the entire range of applied stresses (until
of course the network is irreversibly ruptured). At low stresses
o < 0. the modulus is approximately constant with a linear-
response value G. The origin of this is that we are only exploring
the linear entropic stretching regime of the constituent filaments.

At very large stresses o > oc(km/ke) the modulus is again a
constant with a value G ~ ki, L/E>. Physically, this arises from the
mechanical stretching of constituent filaments which are aligned
along the principal extension, and hence at large stresses we
expect the modulus to be largely independent of tem erature

For intermediate stresses 0. < 0 < 0u(km/ke)”> behaves
nonlinearly and, provrded there is a separation of the two cross-
overs o, and aL(km/ke) , the modulus begins to scale like o™/,
The scaling of G(o) at low and intermediate stresses has been
derived in a similar framework before;*® however, here we extend
this result to be applicable to extensible filaments. Our analysis is
able to quantitatively describe the crossover from linear entropic
to nonlinear entropic stretching and the second crossover, from
nonlinear entropic to linear mechanical stretching, as in the case
for individual filaments.

This analysis enables us to make various predictions about the
form of modulus—stress curves that can be measured for in vitro
semiflexible networks.** The crossover from a linear entropic
regime to a nonlinear entropic regime is governed by the critical
stress 0, ~ A/L*E%. For isotropic semiflexible networks the
average distance between alhgned filaments & ~ L.** The length
between entanglements in semiflexible networks scales hke
L ~ ¢ "2 where ¢ is the concentration of polymer materral
The crossover stress therefore scales like o, ~ 4/L* ~ ¢*. We
verify this in Figure 9 by plotting experimental values for o,
(extracted from the data of ref 44 by means of tangent intercepts)
as a function of concentration. We do indeed observe an
approximately quadratic scaling of the crossover stress o with
concentration.

Furthermore, our analysis suggests that the scaling G ~ ¢
proposed in ref 44 only occurs if there is a wide separation
between o, (the critical stress at which NL scaling begms) and
Olkm/ke)*? (the stress at which LM stretching becomes impor-
tant). If these two stress scales are of the same order, then a much
weaker G(0) scaling would be observed.

O, =

(1)

7. Conclusions

Mean inextensibility is a good approximation that can circum-
vent some of the mathematical difficulties associated with the
wormlike chain model when it is applied to semiflexible polymers
or filaments. Although the tangent vectors are no longer regarded
of rigidly unit magnitude along the entire chain, the mean
inextensibility approximation ensures that the average tangent
vector is of unit magnitude and the fluctuations away from this
mean are always well-bounded.

Invoking mean inextensibility allows one to obtain a compact
expression for the probability distribution of semiflexible fila-
ments that depends on a single combination of physical para-
meters. An interpolation formula for the free energy of a single
filament follows from this, which matches the exact numerical
result almost perfectly. There must be an underlying rigorous
mathematical reason for this (and similar expressions we can
write down for arbitrary dimension d); unfortunately, we cannot
see it at the moment. The filament free energy contains two
separate terms: one accounts for the internal energy of a bent
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Figure 9. Plot showing the experimental values of ¢, as a function of
concentration for the data of ref 44. The scaling of the solid line shows
the quadratic dependence of ¢, on concentration.

filament, while the other accounts for nonzero temperature
(entropic) effects. This free energy expression captures the correct
behavior for the entire range of temperatures and stiffnesses, in
particular the limits of a Gaussian chain (for very low stiffness)
and the limits of a rigid rod (very large stiffness or low tempera-
ture) as well as the crossover between them.

The expression for the filament free energy can be applied to
study force—extension relations and stiffness—extension rela-
tions in semiflexible filaments and networks. A simple analysis
predicts that the crossover into a nonlinear elastic regime is
controlled by the classical Euler buckling force for filaments
f. = A7*/L*. This nonlinear elasticity only survives provided we
do not cross over into a subsequent mechanical-stretching
regime, which is controlled by the force fi(km/ke)*>. For filaments
where these crossovers are very different (as for DNA), a scaling
of stiffness with applied force K ~ /% would be observed in the
middle nonlinear regime. If these crossover values converge to
one another (as for microtubules), no such clear scaling would be
observed and the mechanical stretching is always relevant.

The effect of finite stretch moduli on stiffness—stress G(o)
relationships that we present here should be observable in a wide
variety of stiff networks. In particular, any network that contains
both entropic filaments and filaments with finite stretch moduli
should show the distinct scaling regimes presented in this paper.
Candidates that could show such behavior would be fibrin
networks found in blood clots*” and cross-linked actin net-
works.** Semiflexible networks where the cross-links themselves
have finite stretch moduli*' could also be candidates for the work
presented here.
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